We investigate a single vortex reconnection event in superfluid helium at finite temperatures using the vortex filament model. The reconnection induces Kelvin waves which strongly increase energy dissipation. We evaluate the mutual friction dissipation from the reconnection and show that the dissipation power has universal form, which is seen by scaling both time (measured from the reconnection event) and power by the mutual friction parameter α. This observation allows us to conclude that the Kelvin-wave cascade is not important in the energy dissipation process within the range α 10 −3 . Rather, the energy is directly transferred from Kelvin waves to the normal component. Moreover, while the excited Kelvin waves greatly enhance energy dissipation, no similar change is seen in angular momentum from the reconnection event. This result has similarities with recent 3 He-B measurements. Our results also confirm another earlier observation that the minimum distance between vortices scales approximately as d ∝ |t − t rec |, both before and after the reconnection event.
I. INTRODUCTION
In quantum turbulence, energy dissipation in the zero temperature limit is a central open question. [1] [2] [3] [4] [5] In the absence of quantized vortices helium superfluids behave like an ideal Eulerian fluid: with zero viscosity, no turbulent boundary layer is formed and the fluid exerts no drag on solid surfaces. The appearance of quantized vortices breaks this ideal behavior and in many cases the superfluid then behaves quasiclassically, similar to a classical viscous fluid. In classical fluids the energy dissipation arises due to the viscosity. In quantum fluids vorticity is quantized in units of the circulation quantum. Here a hydrodynamic cascade, reminiscent of the Kolmogorov-Richardson cascade of classical hydrodynamics, can be expected to be effective only down to length scales of the order of the intervortex distance. 3, 5, 6 At smaller scales a Kelvin wave cascade on individual vortex lines is assumed to be the dominant dissipation mechanism, which transfers energy to scales where it can eventually be dissipated via microscopic processes. 1, [7] [8] [9] The existence and properties of the Kelvin wave cascade have been discussed for two decades, but no firm experimental proof has yet been provided.
Reconnections play an important role in the energy cascade, especially at length scales of the order of the intervortex distance, where the energy is transferred from three-dimensional hydrodynamic motion to one-dimensional Kelvin waves propagating along a line vortex. 1 In simulations a reconnection between two almost anti-parallel vortices has been shown to start a cascade of vortex loop generation, 1, 10, 11 which has been argued to be the dominant dissipation mechanism for a sparse tangle in the low-temperature limit. 3, 10 In fact, evaporation of vortex loops from a localized vortex tangle has been suggested even more generally to be responsible for the decay of turbulence at zero temperature. 6, 12, 13 Analytically such a decay has been analyzed using a Gaussian model for vortex loops 6 , which resulted in a diffusion like equation for the vortex line density and which is supported by recent simulations 13 .
At not too low temperatures mutual friction is the dominant dissipation mechanism, caused by the scattering of quasiparticles from the vortex cores. At a reconnection event a vortex becomes strongly distorted and locally large velocities appear on the curved vortex, giving rise to substantially increased mutual friction dissipation. Previously the dissipation enhancement has only been evaluated for the viscous normal component using the coupled equations where the normal component is affected by the motion of the line vortex. 14 These different possible mechanisms for energy dissipation in quantum turbulence motivated us to evaluate the extra dissipation induced by a single reconnection event. We use the vortex filament model. It does not capture the microscopics of the reconnection event on the length scale of the vortex core diameter. Instead our calculation examines the consequences from the reconnection event to the overall dynamics, by concentrating on larger length scales, i.e., those which extend from the typical inter-vortex distance two or three orders of magnitude lower to the resolution limit of our computation. We determine the increase in mutual friction dissipation after the reconnection event and find that a reconnection excites Kelvin waves whose mutual friction damping increases the direct energy loss. This loss appears to be roughly temperature independent. No formation of small new evaporating vortex loops is observed, nor any cascading of energy to smaller length scales. Finally, no large change, similar to the energy loss from the reconnection event, is seen in the dissipation of angular momentum. These features appear to be consistent with recent experimental observations. 15, 16 The results cannot be directly generalized to the decay of dense vortex tangles. A single reconnection calculation might overestimate dissipation in a tangle where reconnections are frequent and where there is not enough time for mutual friction to dissipate all energy before the next reconnection occurs. This problem becomes more pronounced at the lowest temperatures, where the decay time increases. Nevertheless, our calculations underline the importance of the direct mutual friction losses in Kelvin wave excitations on approaching the zero-temperature limit, which is of central current interest in the field of quantum turbulence.
II. MODEL AND EQUATIONS
In the vortex filament model 17 all characteristic length scales are assumed to be much larger than the vortex core radius, a 0 , which in superfluid 4 He is only of order 0.1 nm.
Within the vortex filament model the superfluid velocity, v s , is given by the Biot-Savart law. At zero temperature the only force felt by the vortex is the classical Magnus force given by
, where v L is the velocity of the vortex segment at point s on the vortex, with the unit vectorŝ ′ pointing in the tangential direction. Here κ =h/m 4 = 0.0997 mm 2 /s is the circulation quantum for superfluid 4 He. Since the mass of the vortex core can typically be neglected, every point on the vortex simply moves at its local superfluid velocity:
Following Schwarz 17 , the singularity in the Biot-Savart integral has here been removed, by extracting out the local term (the first term on the right-hand side). Here l ± are the lengths of the line segments connected to point s after discretization and s ′′ denotes the normal at s, where the derivation is with respect to the arc length ξ . In the second nonlocal term the line integral is taken over the other vortex segments, not connected to s. At finite temperatures vortex motion is coupled via mutual friction to the motion of the normal component. The mutual friction force (per unit length) acting on the vortex is given by
where α and α ′ are temperature-dependent and pressuredependent mutual friction coefficients, whose values are rather well known in superfluid 4 He and 3 He-B. (Note that the results for this paper are calculated with α ′ = 0, which is approximately valid at low temperatures.) Thus at finite temperatures the velocity of the vortex segment is given by
The power dissipated by mutual friction can be calculated from
If we assume that the normal fluid is at rest, v n = 0, then we obtain
The negative sign, which is typically omitted in the analysis below, indicates that energy is dissipated. Since the mutual friction provides the only dissipation, which is considered here (in addition to numerical dissipation), the power can also be calculated from the rate of change in the kinetic energy of the superfluid component. However, at small α values fluctuations in the dissipation complicate the calculation of the time derivative and we prefer to calculate P mf from Eq. (5). In calculating the energy (E), momentum (P), and angular momentum (A) we use the following line integrals 18, 19 :
In the filament model a reconnection must be introduced by hand. However, its existence is supported by GrossPitaevskii calculations 20 and recently also by experiments 21 . Our method of making a reconnection follows that of other authors. 17, [22] [23] [24] [25] Traditionally one reconnects two vortices as soon as any two points approach closer than some given distance. This critical distance is typically taken to be of the order of the resolution. We not only calculate the distances between the different vortex points on a vortex, but also keep track of the minimum distance between two vortex segments. (Between neighboring points the vortex is assumed to be straight, which is the standard assumption in the filament model.) This distance can be smaller than the distance between two adjacent points on the same vortex. Thus this reconnection procedure ensures good accuracy also in an adaptive point separation scheme, where the point separation is adaptive, being much larger at locations where the local radius of curvature is large.
In these simulations the point separation is not adaptive, but is simply kept between ∆ξ res /2 < ∆ξ < ∆ξ res , and a reconnection is made if any two segments get closer than 0.4 ∆ξ res , provided that the vortex length decreases in the reconnection event. Roughly speaking this procedure ensures that the energy decreases. Numerically it might not always be evident that the energy E decreases in the reconnection (see, e.g., the peak in Fig. 2 ), since the large curvatures and small distances complicate the accurate calculation of E. The reason for avoiding an adaptive point discretization scheme, even if it would speed up the calculation, is to minimize numerical errors: always when a point is added or removed the energy E is changed by a small amount. The point adjustment is done much more frequently in an adaptive scheme. Clearly, the error could be eliminated by developing an energy conserving algorithm for adding or removing points.
One should note, however, that a numerical scheme, where the energy is too well conserved, might lead to a numerical bottleneck near the resolution limit. This bottleneck would appear if the (Kelvin wave) cascade becomes important in transferring energy from large scales to scales which cannot be resolved. In the calculation this would appear as a fractalization of the vortex configuration, with the characteristic curvatures being of the order of the numerical resolution. This is not the case here: even our zero-temperature calculations do not show any signs of accumulation of the smallest scale structures. For instance, with a resolution ∆ξ res = 0.01 mm the calculation gives an average curvature s ′′ ≈ 8 mm −1 which remains roughly constant from soon after the reconnection up to 70 s later. This we take as one of the indications that the Kelvin wave cascade is not triggered by a single reconnection event, or that the cascade is too small to be observed (in accordance with Baggaley and Barenghi 26 , but in contrast to Kivotides et al. 27 ).
Finally, we note that even if we use 4 He specific parameters, the results are also valid for superfluid 3 He-B. The slightly different value for the circulation and different core size can only change the numerical values by a factor that is close to unity. 
III. RESULTS
Our starting configuration is two linked planar vortex rings, with radius R = 1 mm, separated by a distance d 0 = 0.1 R, and with their planes oriented perpendicular. The initial configuration, together with some time development (at T = 0, where α = α ′ = 0), is illustrated in Fig. 1 . The final configuration is one single closed loop. No additional small vortex rings are formed as a result of the reconnection; i.e., no evaporation of extra vortex loops is observed. With closed loops, we can conveniently evaluate the characteristics of the vortex configuration from the line integrals in Eqs. (6) . Figure 2 illustrates that the energy and linear and angular momentum are all well conserved in this calculation at T = 0, and that the typical numerical error is smaller than 0.1 %. This implies that our numerical error is well smaller than the losses appearing in our finite-temperature simulations. Figure 2 also shows that the vortex length is only an approximation for the energy and is not necessarily exactly constant at zero temperature.
The most important observation from the finite-temperature calculations with α > 0 is that energy dissipation is strongly increased by the Kelvin waves appearing immediately after the reconnection, while momentum and angular momentum dissipation are barely affected. This is illustrated in Fig. 3 , where the inset shows the time development of energy E, momentum P, and angular momentum A, when α = 0.01. In the main panel we plot the time derivatives P mf = dE/dt, dP/dt, and dA/dt (scaled by their values at t = 0), using various values for α. As seen here, only energy dissipation is strongly increased. The dissipation of A is barely affected by the reconnection and the dissipation of P is slightly reduced. The rapid fluctuations near t = t rec are likely numerical artifacts, since these features depend more sensitively on the chosen resolution ∆ξ res , while the overall behavior does not. The explanation for the weak momentum dissipation is the following: The sharp kinks created in the reconnection event induce Kelvin waves, but due to conservation of linear and angular momentum the Kelvin waves on different sides of a kink must have opposite helicities (the k vector of the Kelvin waves is directed away from the kink). Even if the change in momentum is finite on both sides on the original kink, the total change of momentum is zero because the changes have opposite signs. This is the case even in the presence of finite mutual friction. However, both sides of the kink contribute equally with positive signs to energy dissipation, which is therefore large compared to the total momentum dissipation.
IV. ANALYSIS
The main problem in analyzing the reconnection in the vortex filament model is to extract the asymptotic behavior before and after the event, which we do by subtracting a "background" dissipation power to which the reconnection does not contribute. Well before reconnection, the dissipation is caused by the shrinking of the two independent vortex rings. Here analytical estimation gives a good approximation. However, immediately after the reconnection the situation is more complex. The late time configuration is close to a single vortex ring, with a larger radius compared to the value of the initial rings, but which eventually shrinks away. Note that during these simulations the total length has dropped 20 % or less. In the following, to extract the extra dissipation from the reconnection, we make use of the fact that the time scale related to the simple shrinking of the two initial rings (or the final perturbed ring) is much longer than the time scales related to the decay of the small scale structures (Kelvin waves) which are induced by the reconnection event.
In evaluating the extra dissipation we compare three different methods to estimate the "background" subtraction. All of them overestimate the "true" background dissipation. The largest estimate is derived from a linear extrapolation before the reconnection. The second estimate comes from an analytical calculation of two independent vortex rings with a small adjustment of order 3 % to correctly capture the initial dissipation. The third and smallest estimate for the background subtraction is simply constant dissipation taken from the initial value, P mf (0). These estimates are plotted in Fig. 4 . They provide a lower limit for the additional dissipation from the reconnection because at later times the dissipation drops in all three cases below these estimates. Also, the finite resolution underestimates the dissipation in the vicinity of the reconnection event, where the maximum curvatures are of the order of our resolution.
Our simulations with different α values indicate that the power P mf (t) takes a rather universal form, which is obtained by scaling time with α and P mf with 1/α. In other words, the mutual friction power seems to be given by P mf = α f (αt), with some function f (x). The prefactor α comes quite naturally from Eq. (5), but the remaining dependence on only αt must be approximate and can be attributed to the decay of independent Kelvin waves whose amplitudes decay exponentially with a time scale proportional to 1/α. This approximate scaling is illustrated in Fig. 5 , where we plot the scaled additional dissipation using several values of α and different resolutions. In the lower inset the extra dissipation is plotted for α = 0.01 at five different resolutions. Initially following the reconnection we see a maximum developing which increases steadily with resolution. However, the integrated value of this dissipation contribution is almost invariant of the resolution, because later at intermediate times the higher resolution curves drop below the lower resolution results, as seen in the inset. The asymptotics at late times are very similar for all resolutions. Well after the reconnection there exists a wide region where the extra dissipation power takes the form f (x) = Ax −γ with γ ≈ 0.6. The late time behavior in the region, where the curves bend strongly down, is sensitive to the approximation made for the background subtraction, but is consistent with exponential damping of the longest Kelvin waves.
The scaling law for the mutual friction dissipation power, as verified in Fig. 5 , indicates that the Kelvin wave cascade is not influential. Instead Kelvin waves at different wave lengths are excited directly by the reconnection, and the energy is dissipated by these initially excited modes, and transferred to the normal component via mutual friction damping. No cascade with nonlinear production of secondary modes is involved in a noticeable amount. If the Kelvin wave cascade would start to dominate at some α value, then the cascade would transfer energy to smaller scales, where it would be damped more effectively by mutual friction, breaking the observed scaling law. Thus either direct mutual friction damping is still the most efficient dissipation mechanism and cascade formation is too weak to be resolved, a single reconnection event is not sufficient to start the cascade (as argued in Ref. 26) , or finitesize effects limit the cascade, such that it does not develop. Table I provides a further summary of the results. It shows that the extra mutual friction dissipation E rec is rather independent of the resolution ∆ξ res and depends only weakly on α. In fact, the value of E rec depends more sensitively on the background subtraction than on α. The average for E rec /ρ s κ 2 is thus about 0.5 mm. The energy per unit length for a straight vortex is ρ s κ 2 ln(ℓ/a)/(4π) ≈ ρ s κ 2 , where ℓ is some cut-off, typically the intervortex distance or the system size. Therefore, the dissipation E rec /ρ s κ 2 corresponds to a reduction in length by about 0.5 mm. This is a sizable value. For example, the estimation for the energy released by sound emission, using the Gross-Pitaevskii equation (GPE), corresponds to a length reduction by a few coherence lengths only 28 . However, one should note that these GPE simulations only apply at zero temperature.
At high resolution and small mutual friction it becomes numerically challenging to cover a sufficiently large time window ∆t/α, to capture all the relevant dissipation processes associated with the reconnection event. To compare different simulations more quantitatively, we use a computationally more convenient time window, which we define in terms of the following energy expression: Here t max is the maximum time to which the calculation has been extended, while t rec denotes the moment when the reconnection takes place. E appr rec is the estimate for the total extra dissipation from the reconnection, using the approximation "appr" for the background subtraction (see text for details). The energy E τ , defined in Eq. (7), is a measure of the extra energy dissipated during time ∆t = τ/α after the reconnection, using the constant background subtraction. All lengths are in millimeters and times are in seconds. Energies are scaled by ρ s κ 2 , which implies that they are in units of millimeters. Notes: 1) the starting configuration is taken from the lower resolution run ∆ξ res = 0.0050 mm at t = 1.60 s, while 2) here it comes from the run with ∆ξ res = 0.0025 mm at time t = 1.62 s.
This quantity is listed in the right most column of Table I . Here we have used the constant background subtraction, although for τ ≪ 1 all three different approximations for the background subtraction give results which differ only by a few percents. The total extra dissipated energy E rec is obtained if the time integration is extended over the whole region where P mf (t) > P appr mf (t). For the constant background subtraction P appr mf (t) = P mf (0) this corresponds to a time window with τ ≈ 0.8 s. The small increase in E τ=0.01 in Table I with decreasing α might be interpreted as an indication of the emerging Kelvin wave cascade, but since this increase is smaller than the uncertainty in the background subtraction, such a conclusion on the basis of these calculations is unjustified.
Our simulations also confirm the result from previous filament model calculations [29] [30] [31] [32] and from experimental observations 21, 33 that the minimum distance between the reconnecting vortex segments behaves approximately as d min = C κ|t − t rec |, both before and after the reconnection. This is illustrated in Fig. 6 . In our calculations the prefactor C is about ten times larger after the reconnection event than before, reflecting the larger curvatures appearing on the vortex. In clas- sical fluids and in Gross-Pitaevskii calculations the reconnection is found to be time asymmetric: d min = C|t −t rec | β , where β has different values before and after the reconnection. 31, 34 V. DISCUSSION Our calculations have been performed on two reconnecting vortex rings with initial radii of mainly 1 mm. Since mutual friction affects every point on the vortex, on which the Kelvin waves are rapidly distributed, the total energy must depend on the initial size of the rings. We have verified this by repeating the calculations with rings of initial radii 0.1 and 10 mm (see upper inset of Fig. 5 ). In these cases the dissipated energy is about ten times smaller or larger, respectively. This is consistent with the approximate scaling satisfied by Eq. (3), as noted by Schwarz 35 : If lengths are scaled by a factor λ , times are scaled by a factor λ 2 and velocities are scaled by a factor 1/λ , then the motion is self-similar. Only the weakly changing logarithmic term (local term) breaks this scaling. This means that the extra dissipated energy E rec , which we found to correspond to a few percent of the vortex length with a ring radius of 1 mm, can be considered to be independent of the initial radii of the reconnecting rings.
One may wonder whether the neglected length scales below our resolution limit might affect our conclusions. This is unlikely. The resolution limit of the present calculations is two orders of magnitude below the scale of the initial vortex configuration. The size of the vortex core, where the vortex filament model has lost all its validity, is another two ( 3 He-B) to five ( 4 He) orders of magnitude below our resolution limit. Finer resolutions were excluded owing to excessive computing times. In justifying our results, we note that the calculations recover the expected large scale asymptote for d min in Fig. 6 . Second, as seen in Table I , E rec is largely independent of the resolution limit ∆ξ res . This statement can be made more quantitative by comparing the computed results to the asymptotic dependence of the additional mutual friction power P mf (t) − P mf (0) from Fig. 5 integrated to include also the omitted small scale structures. Such a comparison shows that the asymptotic value of E τ=0.01 is only a few percent larger than the tabulated values. 36 Based on these arguments about the large scale behavior, we argue that the microscopic details of the reconnection and the exact small scale shape of the excitation kink do not alter the qualitative features of our central conclusions. Moreover, since the decay time of Kelvin waves is proportional to 1/(αk 2 ), the small but still finite mutual friction would quickly damp the waves with wave lengths smaller than our resolution.
The large enhancement of the mutual friction dissipation becomes understandable if one calculates the mutual friction dissipation power P mf using theoretically predicted Kelvin spectra. One may estimate that this power diverges without a high-k cut-off. 37 At finite temperatures there must thus be a (temperature-dependent) mutual friction limited cut-off, below which a steady-state Kelvin spectrum is realized. 38 In our case the reconnection kink excites Kelvin waves on all scales (limited by the resolution). Their spectrum can be argued to take a similar slope 39 as the theoretically predicted steady-state spectrum [7] [8] [9] , and therefore dissipation is strongly increased. Recently a similar dissipation enhancement has been found in simulations considering a decaying vortex inside a cylinder. 40 These authors concluded that the larger dissipation at the lowest temperatures was due to a transfer of vortex length in consecutive reconnection events to surfacepinned remanent vortex loops trapped on the cylinder wall.
As seen in Fig. 3 , the reconnection causes a strong increase in energy dissipation, whereas angular momentum dissipation is affected only weakly. Recent works on the propagating and precessing vortex front in rotating superfluid 3 He-B, both NMR measurements and vortex filament calculations, 15, 16 show that this feature might be valid more generally. Thus, for isotropic vortex tangles, where the walls are far away and boundary effects can be neglected, strong energy dissipation is possible and rapid decay in the total vortex length is observed. In contrast, for polarized flow the slow removal of (angular) momentum limits the decay rate. In the vortex front measurements the effects from pinning and surface friction were minimized by polishing the surfaces. In the zero-temperature limit the axial front propagation velocity, which is related to energy dissipation, was observed to saturate at a value which is two orders of magnitude larger than the dissipation of angular momentum. In fact, it is possible that the angular momentum dissipation might even vanish in these measurements in the limit of zero temperature, if pinning or surface friction can be entirely excluded.
The weak dissipation of angular momentum might also ex-plain why the spin down of a vortex array in a cylindrical container of superfluid 3 He-B is observed to be laminar. 41 Faster turbulent decay of energy requires rapid decay of angular momentum. If no additional torque exists on vortices (which is the case in a cylindrically symmetric container with smooth walls), then a faster decay of angular momentum is not possible. In contrast, in superfluid 4 He pinning is expected to be important, and this explains why the response is typically turbulent. Such a justification is additionally supported by experiments and simulations on 3 He-B, where an additional torque on vortices was introduced by replacing part of the 3 He-B with a layer of an 3 He-A phase, in which mutual friction is two orders of magnitude higher. In this case spin down was observed to become turbulent. 42 Finally we note that we have not attempted to identify Kelvin modes quantitatively. Looking at Fig. 1 , one might argue that a reconnection event induces an inverse Kelvin wave cascade. Kelvin waves immediately after the reconnection are at small scales, while somewhat later mainly waves at long wavelengths have survived with large amplitude. This is consistent with the ideas presented by Svistunov about the relaxation of the vortex angle. 1 Accurate identification of Kelvin waves on a nontrivial configuration of vortices is not a simple task and can lead to unexpected errors. 43 This results from the fact that generally Kelvin waves are not well defined, except in the case of a straight vortex or a simple planar ring, and more sophisticated analysis is required.
VI. CONCLUSIONS
Our simple case of two reconnecting vortex rings indicates that the Kelvin waves excited in a reconnection event are efficient in dissipating energy, but are much less efficient in dissipating angular momentum. The increased energy dissipation is not due to a Kelvin wave cascade, which transfers energy from large length scales to small scales (owing to nonlinear coupling between Kelvin waves of different scales). Rather the enhanced dissipation is caused by the direct transfer of energy from the excited Kelvin waves to the normal fluid by mutual friction damping.
Our numerical estimates for the extra mutual friction dissipation indicate that a single reconnection event can dissipate energy to an amount which in our example case corresponds to a few percent of the vortex length, an unexpectedly large value which additionally is almost temperature independent. In turbulent vortex tangles dissipation per reconnection event is expected to be smaller, because it is likely limited by the time between reconnections, the inter-vortex distance, vortex polarization, etc. At still lower temperatures than considered here, where α ≪ 10 −3 , for mutual friction to dissipate all the reconnection energy, the required time diverges. In this limit the Kelvin wave cascade might become a more dominant dissipation mechanism, as believed today.
